Series Examples - Part 1 Instructor: Prof. Cesar Aguilar
MATH 222 - Calculus II Department of Mathematics, SUNY Geneseo
Geometric, Divergence Test, Integral Test South 325A, aguilar@geneseo.edu

README: In many cases, it is important to properly denote the starting value of the index in a
series, for example Y 7 jay or >~ a,, etc. However, many theorems hold regardless of where the

index starts and for this reason we sometimes omit the starting of the index and simply write > a,, or
> ag, ete.

Below is the basic theorem regarding the sum, difference, and constant multiples of convergent series.

BASIC THEOREM. Suppose that the series Y a,, and > b, are both convergent, and
that they converge to > a, = A and > b, = B. Then

(i) The series > (a, + b,) converges to > (a, +b,) => a, +>.b,=A+ B
(ii) The series > (a, — b,) converges to > (a, —b,) => . an, —>.b,=A—B

(iii) If ¢ is any constant then the series » ca,, converges to Y (ca,) = ¢ a, = cA
. J

In words, BASIC THEOREM says the following;:

BASIC THEOREM in WORDS.
(i) The sum of two convergent series is a convergent series.
(ii) The difference of two convergent series is a convergent series.

(iii) A constant multiple of a convergent series is a convergent series.

The following observation is useful: If the series >~  a, converges but >~ b, diverges then both
S (an + b,) and > (a, — by,) diverge. Why? Well, if > (a, + b,) converges then because Y a,

n=1

also converges then the difference Y (a, + b,) — >_ a, also converges by BASIC THEOREM. But
Y (an +b,) — > a, = > by, and we are given that Y b, diverges!

Example 1: Suppose that > a, =5, > b, = —11, and > ¢, = 200. Using the BASIC THEOREM,

the series
> (9a, + 3b, —4c,)

is convergent because it is a sum, difference, and constant multiple of convergent series. This series

converges to

> (9, +3by —4c,) =9 a, +3Y by —4> ¢, =9(5)+ 3(—11) — 4(200) = —788
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1. THE GEOMETRIC SERIES

A very important series is the Geometric series:

Sort=14r+rt+rt ot
n=0

We showed that the partial sums of the geometric series are

1 —pntt

T

and therefore if |r| < 1 then

. . 1 —pntt 1
lim s, = lim | ——— | =
n—00 n—00 1—17r 1—7r

Thus, the Geometric series converges only when |r| < 1 and in this case the series converges to

o0
Er":

n=0

When |r| > 1, the Geometric series does not converge.

Example 2: If possible, find the sum of the series

i 1 LR S
“— (In3)" ln3) (In3)2  (In3)3

Solution: Although this is a Geometric series, the index n begins at n = 1 but the formula ) 2  r" =

ﬁ is valid for when n begins at n = 0. To deal with this, we can re-index the series to start at n =0

= 1 - 1
2 T3y~ 2 Ty

as follows:

Notice that >, W gives the exact same series that we were given:

i 11 1 .
— (In3)~*+! B (1113) (In3)2 (ln3)3

Therefore,

oo

= 1 - 1 1
2 (n3)» 2 (In3)~+t ; (In3)"In3

n=1 n=0

1 1
S I3 \1-

1
 In3-1

after simplifying



If possible, find the sum of the series

> (V2"

n=0

Example 3:

Solution: This is a Geometric series with r = /2. Since v/2 > 1 the series diverges!

Example 4: Find the sum of the series

Solution: This is a Geometric series with n starting at n = 3. We re-index the series to start at n =0

o 2n+3

="
Zg_nzzo’?n—l{i

Now we just pull out 3—2 from the sum and use the formula for the Geometric series

on 2300 2\ "
(—) herer:%<1

=, 293
Z Z7n+3:;7n73:73z — 7

_2_3(1)
A\1-2

= — after simplifying

2" —1
Example 5: Determine if the series Z < ) converges or diverges.
n=0

Solution: We can write this series as

So the series is the difference >~ (a, — b,) where a, = g—z = (%)n and b, = 3% = (%)n These are

both Geometric series and they converge to

and
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Therefore, by BASIC THEOREM:

£

n=0

NE

3
Il
o

I
i)

N|lw /N /N

N W

3

Example 6: Determine if the series Z(—l)”“Q—n converges or diverges.

n=0

Co|l\D
3 3

OJ|I\D
3 3

Solution: First notice that (—1)"*! = (—1)"(—1). Therefore,

= =
— _32 (_2?”
-3y
= -3

2. TESTING FOR DIVERGENCE WHEN lim a, # 0

For a series Y | a, that converges it must be true that the sequence {a,} converges to zero:

lim a, = 0.

n—oo

take out constant 3(—1)

here r = —

—2 after simplyfing

N [=

Another way of saying this is that if lim a, does not equal zero then the series >~ a,

n— o0

DIVERGES! This is called the Divergence Test.

Example 7: Determine whether the series converges or diverges.

(e}

n=1

5n
Z4“+3’
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Solution: Let’s see if lim,, ., a, # 0:

n

m m > In(5) > L.HR
1 = 1 — ..
n—oo 41 —+ 3 n—oo 41 ln(4) o0 S0 use
In(5 5™
= n(o) lim —

— ot (3)

[e’] 5n

. n . n . .
because lim,,_, (%) = 00. Therefore, because lim,, ., 4;:’—+3 # 0, the series ) >~ g diverges.

Example 8: Determine whether the series converges or diverges.

[e.e]

11n2 —n+4

n=1

Solution: Let’s see if lim,, ., a, # 0:

n—oo \ 11n2 —n +4 11

. 3n?+6n+1 3
Iim [ ——— | =
11

. . 2 .
So, because lim,,_,o ay, # 0, the series > 7 ‘I”fnjf:;i}l diverges.

Example 9: Determine whether the series converges or diverges.
= 1
> o
k=0

Solution: Let’s see if limy_,, ax # 0:

| 1
fng g =t (J g ) = o
because limg_,o =

5= = 0 and lim, o+ In(z) = —oo. Therefore, the series 77, lngik diverges because
limk_,oo Q. 7A 0.

Example 10: Determine whether the series converges or diverges.

/1 1
CE)

Solution: Let’s see if lim,, ,o, a, # 0:

) 1 1 o1 ) 1
lim (—+— ) = lim — + lim —
n—oo \ N on
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So, it is true that lim a, = 0 and thus we cannot conclude that the series diverges (we certainly
n—oo
cannot conclude that it converges). We need to do further analysis. If the series converges then

because > o0 | o also converges (it is a geometric series with » = 1/2) then the difference

n=1 2n
SICEEANE
n 2" n:12”

n=1

would also converge (by BASIC THEOREM). But the difference is the Harmonic series:

— /1 1 1 1
S(hrw) a2,
n=1 n=1 n=1

and we know that the Harmonic series 2211% does not converge! Thus, it cannot be true that

Yo (% + 2%) converges, in other words, it diverges!

3. THE INTEGRAL TEST

The Integral Test says the following.

( )
The Integral Test. Suppose that {a,}>2, is a sequence such that for every n it holds
that a,, > 0 and a,, = f(n) for some continuous, positive, and decreasing function f on the

o

interval [1,00). Then if the improper integral f(z)dzx converges (diverges) then the
1

series >~ a, also converges (diverges).
. J

It is important to note that you can apply the Integral Test only if you can show that f(z) is a positive
and decreasing function. It most cases, it will be clear that f(x) is positive but to show that f(x) is
decreasing you can use the first derivative test which says that if the derivative f/(x) < 0 then f(z) is

decreasing.

Example 11: Determine if the sequence converges or diverges.

. n
;n2+1

is positive for all n = 1,2,3.... Consider the function f(z) =

T

Solution: The sequence a,, = 21

_n
n2+1

This function is decreasing for x > 1 because

b 1—a?
f(l")—m<0

when x > 1. It is clear that f(z) is positive and continuous for z > 1. So, we can apply the Integral
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test:

R by
/ 1 dr = thm 1 dx substitution u = 22 + 1
1 X —oo J1 T

1 t
= lim —ln|x2+1|‘
t—o0 2 1
N 1
—tliglo [§1n|t +1] — §ln|2|}
= 00

x
241

because lim;_, o, In [t? 4+ 1| = oo. Therefore, because the improper integral floo dx diverges then the

series " |~ also diverges.

Example 12: Determine if the sequence converges or diverges.

= 1
Z n(lnn)?

n=2

Solution: Notice that the index starts at n = 2 and not at n = 1. However, the Integral Test is valid

on any interval [N, co) where N is the starting point of the series. The sequence a,, = ——— is positive

n(lnn)
for all n = 2,3, .... Consider the function f(z) = m = (z(Inz)?)~!. Tt is clear that f(z) is positive
and continuous on the interval [2, 00). To see if it is decreasing compute its derivative:
(@) = (=1)(z(Inz)®)*(In(x) + 2z In(z)1) = —(z(Inz)*)*(n(x) + 2In(z)) = —M.
v (z(Inx)?)?

On the interval [2,00), f'(x) < 0, and so f(x) is decreasing on the interval [2,00). So, we can apply

the Integral Test on the interval [2, 00):

e’} 1 ) t 1
———dx = lim ——dx substitution © = Inz
5 x(Inz)? t—oo Jo x(Inx)?

¢
= lim —(Inz)™*
t—00

2

= lim —L+ !
T iow | Int In(2)

1
~ In(2)
Therefore, because the improper integral f;o m converges, the series > -, H(Tln)Q also converges.

Example 13: Determine if the sequence converges or diverges.

(e}

Z 8 arctan(n)
—~ 1+n?
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Solution: The sequence a, = 3290 g positive for all n = 1,2, .... Consider the function f(z) =

1+n2
&%12(@. Clearly, f(z) is positive and continuous for x > 1. To see if it is decreasing, we compute:

— 2z arctan

The sign of f'(x) depends only on the sign of the numerator 1 — 2x arctan(x) because the denominator
(1422)? is clearly positive for all z. The function 2z arctan(x) is an increasing function and when z = 1
we have 2(1) arctan(1) = 257 = 7. Therefore the numerator at # = 1is 1 — § < 0. So, at z = 1, the
numerator is negative. Since the term 2z arctan(x) is increasing, we have 2 arctan(1) < 2x arctan(z)

for every x > 1, and therefore —2 arctan(1) > —2x arctan(z), and therefore
0> 1—2arctan(l) > 1 — 2z arctan(z)

So, f'(x) < 0 for every & > 1, and therefore f(z) is decreasing for > 1. We can therefore apply the
Integral Test:

dx substitution u = arctan(z)

/OO 8 arctan(z) dr = Tim " 8 arctan(r)
1 1+ 22 t—oo J1 1+ a2

t

1
= lim 85 (arctan(z))?

t—00 1

= lim 4 [(arctan(t))* — (arctan(1))?]

t—o0

O

Therefore, because the improper integral [ Sarctan(@) 7. converges, the series Yo

8 arctan(n
1 142

T2 ) also con-

verges.
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