Problem Set 3 Exemplars
Here are my comments:

4.5 5 was mostly computational. Notice that you don’t feel as if you are integrating
because the form is constant.

4.5.6 this requires any constant flow. To do them all, you must use an arbitrary velocity
vector, such as (v_1, v_2, v_3). Still it is not very demanding.

4.5 7 this problem requires use of pullbacks (although it can be done without, but not to
complete the stated problem). | am convinced that the best way to do this is to
parametrise the entire tetrahedron in 3-dimensions (as demonstrated on pp. 99-100)
and then to pull back to the faces one-by-one. The tricky part there is dealing with the
face that doesn’t include the origin and does not have area 1/2, but that face projects
to triangles that do include the origin and have area 1/2. As in 6, this one face cancels
with all of the other three together. Each of the projected pullbacks are identical to the
other faces, but with opposite orientation, thus canceling. No one completely followed
my suggestions in this direction. The examplar is a way to fight through all the algebra
to do this with individual parametrisations of each face. As one more detail, to get the 3-
d parametrisation approach to work you will need to divide the exceptional face into
three integrals, one for each of the associated basic two-forms.

4.8 6 should have been basic practice with exterior algebra. There is nothing more here
than expanding and simplifying the multiplication of differential forms.

4.8 13 The idea, as demonstrated in the exemplar, is to find higher dimensional volumes
by adding up cross sections in lower dimensions (you did this from dimension 2 to 3 in
Calc | or Il depending on where and when you took it). | do not expect a careful proof
by induction. Induction loosely is the mathematical way of saying “and so on”. There
are no computations here (the integral is given to you), but the most important part is
explaining why the integral computes volumes.

4.8 17 This is a standard Calc Il line integral. Really no one seemed to have a problem
with it.
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Let the flow have velocity v = (ki, k2, k3) and work done over a triangle T be
] kidydz + k,dzdx + kzdxdy
T

Let the four faces on the tetrahedron be the triangles D = [(a1, a2, a3), (c1, c2, ¢3), (b1, b2,
b3)], E = [(bi, bz, b3), (c1, c2, ¢3), (d1, d2, d3)], F = [(a1, a2, a3), (d1, dz2, d3), (c1, ¢2, ¢3)], and G =
[(a1, a2, a3), (b1, b2, b3), (di, d2, d3)]. Additionally, U is a triangle such that U = [(0,0), (1,0),

(0,1)].

For D, the amount of work done is

] kidydz + k,dzdx + kzdxdy
D

We begin with the parametrization:

a; + (c; —apu+ (by —ay)v
) (v) =|a;+ (c; —ax)u+ (b, —az)v
as + (c3 —az)u + (b; —az)v

From this we can do the following pullbacks:
¢*(dx) = (¢; —ay)du + (by — ay)dv
@*(dy) = (c; — az)du + (b, — az)dv
¢*(dz) = (c3 — az)du + (b3 — az)dv
¢*(dydz) = ((c2 —ay)(bs; —az) — (b, —a,)(c; — a3))dudv
¢*(dzdx) = ((C3 —az)(by —ay) — (b3 —az)(c; — a1))dUdU

@*(dxdy) = ((C1 —ay)(by —ay) — (by —ay)(c; — az))dUdV



Therefore we can calculate the work done:

] kidydz + k,dzdx + kzdxdy
D

= f kl((cz —ay)(bs —az) — (b, —ay)(c3 — a3))
U
+ kz((c3 —az)(by —ay) — (b3 —az)(c; — a1))
+ k3((C1 —a;)(b; —az) — (by —ay)(c; — az)) dudv
= (kl((cz —ay)(bs —az) — (b, —ay)(c3 — a3))
+ kz((cs —az)(by —ay) — (b3 —az)(c; — a1))
+ k3((C1 —a;,)(b, —ay) — (by —ay)(c; — az))) /2
= (k1((C2b3 — a3 — Aybs + azaz) — (byc3 — byaz — azcs + azas))

+ ky((c3by — c3a; — azb; + aza;) — (bsc; — bsa; — azc; + azay))

+ k3((c1b; — c1a; — a1b, + aya;) — (bic; — bia; —aqc; + a1a2)))/2

= (ki(cyb3 — cya3 — aybs — bycs + byas + a,cs) + ky(c3by — csay — ash; — bscy + bsa,

+ a3C1) + k3(C1b2 - C1a2 - a1b2 - b1C2 + b1a2 + a1C2))/2
The same will now be done for E:

u by + (c; — by)u + (dy — by)v
<P( ): by + (c; — by)u+ (dy — by)v
b; + (c3 — b3)u + (d5 — b3)v

@*(dx) = (¢c; — by)du + (d; — by)dv

@*(dy) = (c; — bp)du + (d; — by)dv



@*(dz) = (c3 — b3)du + (d5 — b3)dv
@*(dydz) = ((Cz — by)(d3 — b3) — (d; — by)(c5 — bs))dU»dU
@*(dzdx) = ((C3 — b3)(dy — by) — (d3 — b3)(c; — bl))dudv

@*(dxdy) = ((C1 —by)(d; — by) — (dy — by)(c; — bz))dUdv
] kidydz + k,dzdx + kzdxdy
E

= f kl((cz — b;)(d3 — b3) — (dy — by)(c3 — bs))
U
+ kz((cs — b3)(dy — by) — (d3 — b3)(c; — b1))
+ k3((C1 —by)(dy — by) — (dy — by)(c, — bz)) dudv

= (ky(cd3 — c3b3 — byd3 — dyc3 + dybs + bycg) + ky(c3dy — c3by — bdy — dzcq + d3b,y

Now for F:

u a; + (dy —apu+ (c; —av
90( ): a, + (d, — a)u+ (c; — az)v
as + (d; —az)u+ (¢c3 —az)v

@*(dx) = (dy — a;)du + (¢, — ay)dv
@*(dy) = (d; — az)du + (c; — az)dv
¢*(dz) = (d3 — az)du + (c3 — az)dv

¢*(dydz) = ((dz —az)(c3 —az) — (c; —ayx)(d; — as))dUdU



@*(dzdx) = ((d3 —az)(c; —ay) — (c3 —az)(d; — al))dudv

@*(dxdy) = ((d1 —a;)(c; —ap) — (¢ —ay)(dy — az))dUdU

] kidydz + k,dzdx + kzdxdy
F

= f k1((d2 - az)(c3 - a3) - (Cz - az)(ds - ag))
U

+ kz((ds —az)(c; —ay) — (c3 —az)(d; — a1))

+ ks((d1 —a;)(c; —ap) — (¢ —ay)(dy — az)) dudv

= (ky(dyc3 — dyas — ayc3 — cads + cpa3 + azds) + ky(dscy — dza; — azcy — c3dy + c3a4

+azdy) + ks (dycy — dyay — ajc; — cidy + cya; + aydy)) /2
Now G:
U a; + (by —ayu+ (dy —av
)7 (zziEZz:Zz%ZiEZzIZ§§z>
@*(dx) = (by — a))du + (dy — a))dv
@*(dy) = (b, — ap)du + (d; — ay)dv
@*(dz) = (b — az)du + (ds — az)dv
@ (dydz) = ((b; — a)(ds — a3) — (d; — az)(bs — a3) )dudv
@*(dzdx) = ((bs — az)(dy — ay) — (ds — a3)(by — ay) )dudv

@*(dxdy) = ((b1 —a;)(dy —ay) — (dy —ay)(b, — az))dUdV



f kidydz + k,dzdx + kzdxdy
F

- f ka ((by — a2)(ds — az) — (d — az)(b; — a3))
U

+ kz((b3 —az)(d; —ay) — (d3 —az) (b, — a1))

+ k3((b1 —a,)(dy —ay) — (dy —ay) (b, — az)) dudv

Now we will add together all of these rates:
f kidydz + k,dzdx + kzdxdy + J- kidydz + k,dzdx + kzdxdy
D E
+ J- k,dydz + k,dzdx + kzdxdy + f kidydz + k,dzdx + kzdxdy
F G

= (ky(cyb3 — cya3 — aybz — bycy + byas + azc3) + ky(c3by — czay — azbhy — bscy + bzay
+ ascy) + k3(c1by — c1a, — a1by — bicy + bia, + aic3))/2
+ (kq(cpyd3 — ;b3 — byds — dycs + dybs + bycs) + ky(c3dy — c3by — bydy
—dzcy + d3by + bzcy) + k3(cidy — ¢1b; — bydy — dycy + diby + bicy))/2
+ (k1(dyc3 — dyaz — ayc3 — cpds + a3 + a,ds) + ky(dscy — dsaq — aszeq
— c3dy + czaq + azdy) + k3(dic; —dya, —aqic; — c1dy + cia; + aq,dy)) /2
+ (kq1(byd3 — bya; — ayd; — dybs + dyas + aybs) + ky(bsdy; — bza, — azd;

- d3b1 + d3a1 + a3b1) + k3(b1d2 - b1a2 - aldz - dlbz + dlaz + albz))/z



= (k,(cyb3 — cy3b3 + c,a53 — cya5 + ayb; — aybs + bycz — bycs + byas — byas + a,c3 — a,cs
+ c,d3 — cpd3 + byds — byds + dyc3 — dycz + dyby — dybs + dyas — dyas
+ a,d; — a,d3)
+ k,(c3b; — c3b; + c3a, — c3a, + azb; — azby + bsc; — bscy + bsa; — bsa,
+ azcqy — azcq + c3dq — c3dq + bydy — bzdy + d3cqy — dzcq + d3by — dsby
+ dsa, —dsa, + azd; — asd;)
+ k;(c b, — ¢1b, + cya, — c,a, + a1b, — ay b, + byc, — byc, + bya, — bqa,
+ a,c, —aqc, + 1dy, — c1dy + bidy — byd, + dicy — dycy +diby — d by
+dya, —dia, + ayd, — a.dy))/2

It is clear that because every term in the above expression is added to its inverse, the total

sum is equal to 0. Therefore, the total net rate at which any constant flow crosses the surface of

any tetrahedron is zero.
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